In this paper we discuss the well known multivariate Behrens-Fisher problem which deals with testing the equality of two normal mean vectors under heteroscedasticity of dispersion matrices. Some existing tests are reviewed and a new test based on Roy's union-intersection principle coupled with the generalized P -value is proposed. The tests are compared with respect to size and power based on simulation, and applied to a few useful data sets.
Introduction
It is well known that the univariate Behrens-Fisher problem deals with statistical inference concerning the difference between the means of two univariate normal populations with unequal variances. Except for some simple exact but inefficient test procedures, most of the widely used solutions which have been recommended for the more general ANOVA problem under heteroscedasticty are approximate in nature (Hartung, Knapp and Sinha, 2006) .
For the multivariate Behrens-Fisher problem which deals with testing the equality of two mean vectors under heteroscedastic dispersion matrices, finding reasonable solutions is even harder. Recently there has been some progress to solve this problem, generalizing some univariate approximate solutions and generalized P -value based exact solutions to the multivariate case.
In this paper we provide a complete review of all the existing methods and suggest a new test procedure, exploiting Roy's union-intersection principle (1957) coupled with Weerahandi's generalized P -value concept. We compare the size and power of some test procedures via simulation. A few applications are also included.
Section 2 contains notations and a survey of existing results. The new test is developed in Section 3. Simulation results are reported in Section 4 and applications are mentioned in Section 5.
Notations and existing results
Consider two p-variate normal populations N (µ 1 , Σ 1 ) and N (µ 2 , Σ 2 ) where µ 1 and µ 2 are unknown p × 1 vectors and Σ 1 and Σ 2 are unknown p × p positive definite matrices. Let X α1 ∼ N (µ 1 , Σ 1 ), α = 1, 2, ...., n 1 , and X α2 ∼ N (µ 2 , Σ 2 ), α = 1, 2, ...., n 2 , denote random samples from these two populations, respectively. We are interested in the testing problem
For i = 1, 2, let
ThenX 1 ,X 2 , A 1 and A 2 , which are sufficient for the mean vectors and dispersion matrices, are independent random variables having the distributions:X
5. Kim (1992)'s test. Kim suggested a variation of T 2 , given bỹ
where r = [det(S 1S −1
2 )] 1/2p , and
2 . There are two drawbacks of Kim's (1992) test: it is not invariant and its type I error is below the nominal level most of the time.
6. Christensen and Rencher (1997) . Based on extensive numerical results concerning the type I error and power, these authors recommend the approximate solution due to Kim (1992) mentioned above for testing (1) because many approximate tests have type I errors exceeding the nominal level.
7. Weerahandi (1995) . The concepts of generalized p−values and generalized confidence regions were introduced by Tsui and Weerahandi (1989) and Weerahandi (1993) , and applied to many nontrivial inference problems, including the Behrens-Fisher problem.
Here is a brief review of the generalized p-value approach. Let X be a random variable whose distribution depends on the parameters (θ, δ), where θ is a scalar parameter of interest and δ represents nuisance parameters. Suppose we want to test H 0 : θ ≤ θ 0 vs H 1 : θ > θ 0 , where θ 0 is a specified value.
Let x denote the observed value of X and consider the generalized test variable T (X; x, θ, δ), which also depends on the observed value and the parameters, and satisfies the following conditions:
(a) The distribution of T (X; x, θ 0 , δ) is free of the nuisance parameter δ,
The observed value of T (X; x, θ 0 , δ), i.e., T (x; x, θ 0 , δ), is free of δ, and (c) P [T (X; x, θ, δ) ≥ t] is nondecreasing in θ, for fixed x and δ.
Then the generalized p−value is defined by
where t = T (x; x, θ 0 , δ). It should be noted that, unlike the regular p values, the generalized p value does not follow a uniform distribution under the null hypothesis, and moreover, the type I error probability of a test based on the generalized p−value, and the coverage probability of a generalized confidence interval, may depend on the nuisance parameters. For further details and for applications, we refer to the book by Weerahandi (1995) . For the univariate Behrens-Fisher problem, a test based on the generalized p−value is given in Tsui and Weerahandi (1989) . For the multivariate Behrens-Fisher problem, an upper bound for the generalized p−value is given in Gamage (1997).
8. Gamage et al.(2004) explored the concept of the generalized p−value for testing the hypotheses in (1), and also for MANOVA problem involving more than two normal populations. They were able to construct a generalized test variable whose observed value is (x 1 −x 2 ) (
, a very natural quantity based on the sufficient statistics for the testing problem (1). Herex 1 andx 2 denote the observed values ofX 1 andX 2 , respectively, and s 1 and s 2 denote the observed values of the sample covariance matrices S 1 and S 2 defined in (4). The computation of the generalized p−value as well as some numerical results on the type I error probabilities of the test based on the generalized p−value are reported in their paper. It turns out that the type I error probabilities are all below the nominal level. In other words, the test based on the generalized p−value, which is an exact probability of an extreme region, also provides a conservative test in the classical sense.
To describe the above generalized p-value based test procedure, define
where by A 1/2 we mean the positive definite square root of the positive definite matrix A, and
and the testing problem (1) can be expressed as 
Now define
Note that given R 1 and R 2 , T 1 is a positive definite quadratic form in Y 1 − Y 2 (where Y 1 and Y 2 have the distributions in (13)), and T 1 is stochastically larger under H 1 than under H 0 . Also, since the distributions of Z, R 1 and R 2 are free of any unknown parameters (under H 0 ) and since these quantities are independent, it follows that the distribution of T 1 is free of any unknown parameters (under H 0 ). Using the definition of Z, R 1 and R 2 , we conclude that the observed value of
which also does not depend on any unknown parameters. In other words, T 1 is a generalized test variable. Hence the generalized p-value is given by
where T 1 and t 1 are given in (17) and (18), respectively.
Computation of the generalized P -value based on a suitable representation of T 1 is discussed in Gamage et al. (2004) .
9. Gamage et al. (2004) suggested another test for the multivariate BehrensFisher problem, which is different from the one mentioned above. This is based on the matrix identity:
resulting in the generalized test variable T 2 given by
.
The generalized p-value based on the generalized test variable T 2 in (20) is given by
An unfortunate feature of this generalized p-value is that it is not invariant under nonsingular transformations, unlike the generalized p-value defined earlier in (19).
A new test procedure
To describe the new test based an an application of Roy's union-intersection principle and Weerahandi's generalized P -value idea, let us first look at the familiar Hotelling's T 2 test dealing with a test for the mean vector of a single multivariate normal population N [µ, Σ]. Denoting byX the sample mean vector and by S the sample Wishart matrix, Hotelling's T 2 is essentially given by
and the test for µ rejects the null hypothesis when T 2 exceeds its observed value
wherex and s are the observed entities. Roy's derivation of T 2 is based on the univariate t test for a linear function of µ, say a µ, using
and rejecting a hypothesis for µ when t 2 (a) exceeds its observed value
Hotelling's T 2 test based on (22) and (23) then follows upon combining such tests from (24) and (25) for all nonnull vectors a, resulting in the P -value
We are now in a position to describe the new test for the multivariate Behrens-Fisher problem. Towards this end, we consider Weerahandi's generalized P -value solution for the univariate Behrens-Fisher problem and then apply Roy's principle as described above to extend the solution from the univariate case to the multivariate case.
Consider two univariate normal populations N [µ 1 , σ 
with its observed value as T obs =x 1 −x 2 . The generalized P -value against one-sided alternative is then obtained from
where Z ∼ N (0, 1),
n 2 −1 . For both-sided alternatives, the generalized P value is given by
which can also be expressed as
Returning to the multivariate case, we select a linear function a (µ 1 − µ 2 ) and apply the above test variable T (.) defined in (27) based on (a X 1 , a X 2 , a S 1 a, a S 2 a) and its observed value (a x 1 , a x 2 , a s 1 a, a s 2 a) , resulting in T (a) and hence the P -value, P (a) as
We now use the fact that for any a = 0, a S i a/a
Finally, applying Roy's principle, we get the generalized P -value of the new test procedure as
where 
Simulation
Simlations studies are based on Krishnamoorthy and Yu (2004) . We compute the size and the power when p = 2.Σ 1 = Λ andΣ 2 = I −Λ whereΣ i = Σ i /n i and Λ = diag(λ 1 , λ 2 ). The noncentrality parameter is δ = (µ 1 − µ 2 ) (Σ 1 + Σ 2 )(µ 1 − µ 2 ) and the mean vectors are chosen such that µ 1 − µ 2 = ( δ/p)1 where 1 is the vector of ones. δ is taken as 0, 2, 4, 8, 16, and (n 1 , n 2 ) = (6, 12) and (12, 12) as in Krishnamoorthy and Yu (2004) . We consider 6 tests in Table 1 and Table 2 We conclude from the two tables that most of the tests except the noninvariant Test 5 proposed by Gamage et al. (2004) are quite reasonable in terms of both size and power.
Two applications
In this section, we consider two applications of the preceding tests. Our first application involves comparing two types of coating for resistance to corrosion based on paired data of size 15. The data is taken from Kramer and Jensen (1969) and also reported in Rencher (2002) . Here is the data. 1  73  31  51  35  2  43  19  41  14  3  47  22  43  19  4  53  26  41  29  5  58  36  47  34  6  47  30  32  26  7  52  29  24  19  8  38  36  43  37  9  61  34  53  24  10  56  33  52  27  11  56  19  57  14  12  34  19  44  19  13  55  26  57  30  14  65  15  40  7  15  75  18  68  13 The 6 tests applied on this data set result in the following p-values. Again, except Test 5, all the other tests result in the acceptance of the null hypothesis. Our second example deals with student's essay data taken from Kramer(1972) and also reported in Rencher (2002) . The variables recorded were the number of words and the number of verbs for 15 students, and the testing problem was to compare the mean performances under formal and informal instructions. 1  148  20  137  15  2  159  24  164  25  3  144  19  224  27  4  103  18  208  33  5  121  17  178  24  6  89  11  128  20  7  119  17  154  18  8  123  13  158  16  9  76  16  102  21  10  217  29  214  25  11  148  22  209  24  12  151  21  151  16  13  83  7  123  13  14  135  20  161  22  15  178  15  175  23 Based on the p-values reported in Table 6 , we conclude that all tests except Test 5 accept the null hypothesis. 
